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Abstract—The asymptotic method of muiltiple scales is used to construct a continuum theory with
microstructure for the linear elastodynamics of a periodically laminated medium. The resulting theory is in
the form of a homogeneous binary mixture theory of micromorphic materials with a common director
oriented normal to the interfaces. The model contains nine conservation equations—six for the linear
momenta of both constituents and three for the director momentum. The asymptotically derived con-
stitutive equations contain mixture properties which, in contrast to phenomenological theories, are
determined solely from the properties of the individual constituents and their volume fractions. The mixture
conservation and constitutive equations are complemented by an appropriate set of boundary conditions
determined by a variational procedure.

The efficacy of the model is assessed by comparison of predicted and exact phase velocity spectra for
waves propagating at oblique incidence to the layers. The excellent agreement observed indicates that the
model is useful for studying the dynamic behavior of laminated composites. Further, the method of multiple
scales appears to provide an effective approach to the accurate determination of the farge scale behavior of
a material which exhibits small scale periodic heterogeneity.

INTRODUCTION

Scope
In this paper an asymptotic method is used to develop a three-dimensional continuum the-
ory with microstructure for the linear elastodynamics of a periodically laminated composite. The
model, which combines the desirable features of several existing theories[1, 2], has the form of
a homogeneous binary mixture theory of micromorphic materials with a common director.

Model construction is based upon the observation that, along a direction normal to the
laminae, there are two length scales over which significant variations in displacement and stress
profiles occur and that these scales differ by at least an order of magnitude in most problems of
practical interest. This observation suggests the use of the asymptotic method of multiple
scales[3,23] to transform the original three-dimensional problem into one with four in-
dependent variables, the new variable being a microcoordinate along the direction normal to the
layers. Since the material properties then become functions of the microcoordinate only and
are periodic, the transformed problem takes the form of a “generalized wave guide”-type
problem which is easily amenable to solution via an asymptotic procedure which is developed
here as an extension of the regular asymptotic method used by Hegemier[4-6] for con-
struction of continuum models of wave guide-type propagation in composite materials.

Subsequent to the derivation of the differential equations of the mixture theory, a functional
is constructed, the extremization of which yields the mixture equations as the Euler equations.
The resulting variational principle furnishes appropriate boundary data for the mixture theory.
Finally, the efficacy of the proposed theory is tested by comparison of predicted vs exact phase
velocity spectra for time harmonic waves propagating at oblique incidence to the laminae
interfaces.

tResearch was sponsored by Air Force Office of Scientific Research.
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Relation to other theories

Although the literature on the mechanics of materials with microstructure is too large to be
reviewed here, it is appropriate to refer to some investigations which are perhaps typical. In
probably the earliest attempt to model materials with internal structure, the concept of directors
was introduced by the Cosserat brothers{7]. The concept was subsequently generalized by
Ericksen and Truesdeli[8]. Although it was introduced much earlier, the mixture theoretic
formalism for elastodynamic behavior of multi-component materials was spotlighted by the
works of Green and Naghdi[9], Bowen[10] et al. As a natural extension of these two
concepts, Allen and Kline[11] and Twiss and Eringen[12] explored mixtures of materials each
of which was assigned a separate director. It is emphasized that all these studies were based
upon the macroscopic, phenomenological point of view wherein little information is assumed or
used concerning the material microstructure. Although such investigations eminently serve the
purpose of elucidating the qualitative behavior to be expected of materials with microstructure,
their utility for composite materials is severely limited by the fact that they necessitate the
performance of (considerable numbers of) experiments for the determination of the constants
appearing in the constitutive equations. This is the case even when the geometries and
properties of the composite constituents are well-defined.

Evidently, the foregoing limitation can be overcome only if construction of a macroscopic
theory is based upon micromechanical considerations. Examples of such approaches can be
found in the works of Bedford and Stern[13], Sun et al.[1] and Hegemier et al.[14). Of course,
the technique described by Hegemier[5] and used in a number of studies of wave guide-type
problems[4, 6, 15] was developed with the explicit objective of including microstructural details
in the macroscopic mode! of composite materials. As was noted previously, this paper describes
an extension of this procedure to problems which are not of the wave guide-type. Thus, the
method presented herein can be viewed as a special procedure for solution of a restricted class
of homogenization problems[16, 17].

FORMULATION

Consider a domain D which contains a large number of (two) alternating linearly elastic
homogeneous laminae with perfect bonds as illustrated in Fig. 1. A typical cell, which
represents the geometrical microstructure of the composite, is shown in Fig. 2. Let a rec-
tangular Cartesian reference system £, &y, &3 be selected with £; normal to the middle plane of
the central cell lamina and %5, £; in this plane.

For notational convenience forms ( ), a=1,2 will denote quantities associated with
material a. The usual Cartesian indicial notation will be employed where Latin indicies range
from 1 to 3 and repeated indices imply the summation convention, unless otherwise noted. In
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Fig. I. Geometry and coordinate system.
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Fig. 2. Unit cell.

addition, the notations ( ); = a( )/a% and (*)=a( )/af will be employed where { represents
time. Quantities of the form (*) and ( ) denote dimensional and nondimensional variables,
respectively.

With the aid of the foregoing notation, the governing relations for the displacement vector
ii{™ and the stress tensor ¢’ in the two constituents are:

(a) Equations of motion:

(a) - p(a)u(n) &(i;}) = &}l?)’ 4]

where 5 is the mass density;
(b) Constitutive relations:

G = KR, + G ay + ag), (2)

where A, i are Lamé's constants and §; is the Kronecker delta;
(c) Interface continuity conditions:

aV=a®, )= on interfaces. 3)

For complete specification of an initial boundary value problem, one must also specify:

(d) Initial conditions at t =0 and appropriate boundary data along the boundary of D.

Conditions (a)~(d) define a well-posed initial boundary value problem. The direct solution of
this problem is, however, extremely difficult due to the large number of interfaces in most
cases of practical interest. The objective of the subsequent analysis is to alleviate such
difficulties by deriving a set of partial differential equations with constant coefficients whose
solution can be utilized to approximate the solution of the problem posed by (a)-(d). This effort
is facilitated by a judicious scaling of both dependent and independent variables. To this end
the following quantities are introduced:

typical macrosignal wavelength or macrodimension;
composite cell length;
Cimps ﬁ,,.., reference wave velocity and macrodensity;
E},,., p(,,,,é'(,,,, reference composite elastic modulus;
tom = Alé(,.l, typical macrosignal travel time;
€ =AJ/A ratio of micro-to-macrodimensions.

[~ k=]

With the aid of the foregoing notation, the following nondimensional quantities are now
defined: _ .
(xh X2, x3)=(fh x-Z’ x-S)IA t= l' (m)»

u(a) = u(a)IA a.(n) — -(a)/E‘m), ‘ ] =1}~ 3 (4)
p(a) =p a)/P(m)o (A! “)(a) = (Aa “)(Q)IE(M)'



158 H. MURAKAMI et al,

With the variables defined according to (4), the material properties are seen to be periodic in
the x;-direction with period €. Thus, the field variables are expected to vary significantly over
two length scales along the x;-direction. One such scale is, of course, of the order of the signal
wavelength which is unity in the scaled system. The other length scale is of the order of the cell
dimension e. This suggests a two-variable expansion procedure [3]. Therefore, new independent
variables x4, x% are introduced according to

xe= @7 (€)xs, H(e)>0 as e—0,

x3=yle)x;,  Ple)»1 as e-0. (5a)
For purposes of the present analysis it will suffice to select
dle)=¢ Yle=1. (5b)
All field variables are now functions of x, as well as the macrovariables x; (i = 1-3), i.e.
J(x1, X2, X3, 15 €) = f*(x, X2, X3, X4 £; €). (6)
For any field variable (6), one obtains
2 fx,x, 33,85 €)= 2 XX X x5, x4, 15 €) + 12 fX(xy, X3, X3, X4, 85 €). 0
1)) ax; € 04

In what follows the superscript * will be dropped for simplicity.
On introduction of x; x,, and the nondimensional variables (4), eqns (1)~(3) take the form

| e (@ ,,
o+ olie=p Vi, off= ol ®)
a a a a a a l a a a
off = SA U+ wulP +ulP)+ P A28, + p @ (8u@ + 83uiP)), )
u=u®, ofV=0{ oninterfaces. (10)

For the sake of notational convenience, the dependence of the field variables on all four
independent variables x;, x, has not been explicitly stated in (8)~(10) and the notation ( ), =
a( )ax, ( )= d( )/at has been utilized.

Equations (8)-(10) can be viewed as a set of partial differential equations in x;, x, and ¢, in
which the coefficients are independent of x;, ¢, but are periodic functions of x, with a unit
period. If the domain of definition of (8)-(10) was such that ~x < x,<=x, and if the initial
conditions were quiescent or periodic in x,, it would follow from Floquet Theory[19, 20] that
there exists a set of solutions of (8)~(10) which are periodic in x, with unit period length. This
periodicity condition is expected to continue to hold, at least in the interior of the domain in
which the solution is sought, so long as the length of the domain in the xs-direction is
sufficiently large. Consequently, eqns (8)-(10) will be analyzed in what follows based upon the
premise that all field variables are periodic in the microcoordinate x,, with the understanding
that such an analysis may be valid only at points sufficiently far removed from the boundaries
of the domain in which the solution is to be obtained.

As a result of the aforementioned periodicity condition, it is necessary to treat only a typical
unit cell associated with the x,-direction. With no loss in generality (the particular choice of the
unit cell is immaterial so long as the periodicity condition is imposed) the cell may, for
convenience, be defined by

(1))
woufafa <] w0

(1)) ]
1'-2—<lx4|<5] (11)

In (11), A denotes the domain occupied by material « in the cell and n' is the volume
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fraction of material a; the latter satisfy
n(|)+ n(Z) = ]. (]2)

With the above choice of the unit cell, the interface condition (10) must be satisfied at
|x = n"/2 and the periodicity condition is given by

f(xi!-llzyt;€)=f(x|" llzvt; E), (13)

where f represents any field variable.

The formulation of the problem is now complete. The key elements introduced thus far are
(1) the microcoordinate x, and (2) the periodicity of all field variables in this microcoordinate. It
will be demonstrated in the following analysis that the introduction of the additional in-
dependent variable in fact simplifies the problem considerably since it facilitates the deter-
mination of the field-quantity variations within the unit cell and allows eventual elimination of
the microcoordinate by a suitable averaging process defined over a unit cell.

It should be noted here that eqns (8)~(10) as well as the periodicity condition can be derived
by using an alternate definition of x, based upon the concept of a movable origin which was
introduced by Burgers[16]. Thus, formally, the results presented below can also be derived on
the basis of the concept of a moveable origin.

MIXTURE EQUATIONS

Binary mixture equations for the composite can be immediately obtained by introducing an
averaging operation according to

Fo s 0= ot [ 18, 30 ) (14)

Upon averaging (8) with use of the periodicity condition for the stress components o3, one
obtains the momentum equations

ol - p*Piif*® = (- 1)°P, (15)

where P; denotes the components of an interaction (body) force vector per unit volume, given
by

P; 5‘1‘ {O'S‘i.)len‘"n - GS‘;)Ix‘--n"’ﬂ}' (16)

In (15), the definitions for “partial” quantities,
Usjﬂp) = "(a)a,("ga)’ p(‘")E n(n)p(a) (17)
have also been utilized.
The momentum eqns (15) are complemented by mixture constitutive relations obtained by

averaging (9) and applying the periodicity condition; this yields

off® = [APuEPs; + (UG + w4+ (- 1)7AD 858 + w8 Sy + 855y,  (18a)
where

AleP) "(G)A(a)’ ”'(GP) = n(-)u(a) (18b)

and
Sy = % {4 gmntior = 4% gm—piia). (18¢)

SS Vol. 17, No. 2—B
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The microcoordinate-independent quantities Sy; (i = 1,2,3), which appear naturally in the
constitutive equations as a consequence of the averaging process utilized, shall be termed
director displacements associated with a director (vector) oriented along the x;-axis. In the
subsequent analysis, the director displacements will be treated as dependent variables in
addition to the average displacements 4",

In order to *‘close™ the mixture relations, it is necessary to construct (a) appropriate
conservation equations associated with director displacements and (b) constitutive equations for
P; and for the stress-type quantities associated with the director displacements. For this
purpose an asymptotic procedure will be utilized which is an extension of the regular
asymptotic method described by Hegemier|[5).

ASYMPTOTIC ANALYSIS

The premise that the composite macrodimension is much larger than the microdimension,
i.e. e<1, and the form of the scaled eqns (8)-(10) suggest the expansion of the dependent
variables in the asymptotic series

{ui(a), o'sia)}(xks X4 t; E) 2 en l(n)r ¢7u(n)}(xks X4s t) (19)

n=0

If (19) is substituted into (8)~(10) and the coefficients of different powers of € are equated to
zero, a sequence of problems is obtained. The first of the equations in this sequence furnishes

o5e = US4 =0. (20)
Thus the quantities o'{3)), i@ are independent of the microcoordinate x,, i.e.
{4, a7k = {yy o3 olX1, X2 X3, 1) 2n

where the zeroth order expansions of the interface conditions (10} have also been utilized. The
remaining system of equations obtained from (8) to (10) and (19) are

Olini + OSsna = p UG, ol = o, (22a)
oliny = SA N Ul i+ U0 + O+ S+ Sl nat i3kl a)- (22b)

Because of (21), the higher order terms in (19) must satisfy a normalization condition; a
convenient choice is

uy=o,=0 at x,=0, n=1. (23)
From (21), (22) one concludes that, for n =1,

ul®, and o$3h, are even functions of x,, (24a)

ulgh-y and o$3h,.-y are odd functions of x,. (24b)

These properties follow from the choice of the unit cell, i.e. from the symmetrical distribution
of material properties within it. In view of (24) and the periodicity condition, one also obtains

nzl. (25)

NI-—'

uBny=0%2s-n=0 on x=x
To be added to the above are the interface conditions for continuity of displacement and
traction vectors on x, = = n"/2, These are obtained from (10) and have the following form:

5(';’.)" g(z;)m 0’3.(:-) 03:('.) on xy==xn"2 (26)



A mixture theory with a director for linear elastodynamics 161

FIRST ORDER DISPLACEMENT FIELD AND CONSERVATION
OF DIRECTOR MOMENTUM

Equations (20) and (22b), with n =0, furnish
uliha= BAxy, X3, x3, 1). 2n

The function B is related to the director displacement by use of (18¢c) with the resultt

uleh = Ssix; g (xy) (28)
where
X 1 [lx
R )

Equations (23, 25, 26) were also employed in the derivation of (28, 29).
The introduction of the dependent variables S;; necessitates additional conservation rela-
tions. These are obtained by taking g-moments of (22a) with n =1 and

g(l)(x‘) on A(l)
8= { g¥(x) on A%, (30)
Thus, from (29, 30, 22a) one obtains
My + Ry = pimyS5il 12, (31
where
2 2
M;; = 2, M= 21 L, g (x ol dxa, (32a)
2 2
Ry = 2' Ry = 2] L - 2N x) ol 4 dxs. (32b)
Pomy = ')+ p2, (33)

The conservation equations represented by (31) contain the additional variables M{} and

R{. The constitutive relations for these quantities are developed in the following together with
those for P,

MIXTURE THEORY BASED ON TWO LOWEST ORDER SYSTEMS

Constitutive relations for interaction forces P;
Equations (22a) for n =0, together with (21), yields

a$h4= Ci®A(xy, 1) (34)

If (34) is now integrated over A® and use is made of (16), (19), (24), (25) one obtains

Cixy, 1) = (= 1)**'P/n'® 35)
whence
a$a= (= 1" Pin‘, (36)

Moreover, the constitutive eqn (22b) together with (28) furnishes

TG = 83A NSy 18 N (xe) + S ) + 1 N( sy + 338 (x4) + USB 4+ S3usB) 4l 37

tFor this calculation 4{*’ were represented in (18c) by terms up to and including O(e?) in (19).
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Equations (36), (37), which define a boundary value problem for the displacements #'%), are to
be complemented by the boundary conditions obtained from (23), (25) and the interface
conditions (26). Since the differential equations for u%), obtained from (36) and (37) are
decoupled for each i = 1,2, 3, and due to the form of the forcing terms in the boundary value
problems for '), the solutions may be obtained in the form

Wi = Pof(x) + (Say; + S3a)v¥(xy), i=1,2;n0sumon i, (38)

Ul = Pyl xg) + Syyw 5 x) + S0 9xy), j=1,2. (39

The differential equations, boundary and interface conditions for v/, v%*, w*® constitute
so-called “‘microstructure boundary value problems” (MBVPs). These are obtained by sub-

stituting (38), (39) into (36), (37) and the appropriate interface and boundary conditions (23),
(25), (26). Since the MBVPs are elementary, only the solutions are presented below:

. | . nm .
0{(x,) = pOme q‘x) + 8"2-8_[;_".’ i=12, (40a)
@wo__ bt @(x)+ 8, __'.‘(_”__ (40b)
vy = n(a)(A +2F’)(a)q X4 a2 8(/\ +2’J’)(l)’
o1 = - g )= 6T =123 (40e)
o~ A@ pAD
L&) (a)(A + 2#)«:) q (xl) 602 S(A + 2#)(1), (40d)
where
2 2 () R
My =X O =Xd_X_n_ - n°
q (X4) 2 ’ q (xl) 2 2 4 + 8 . (406)
Equations (28), (38) and (39) furnish the displacement fields:
U = gy + €538 X(x,) + €PN xg) + (S35 + S$3) 0T (x4}
+0(e%), i=1,2,nosumon i; (41a)
') = yg) + €S8 (xs) + €X{Ps Ua‘"’(h) + SJ].]W:(M(XA)
+ S3303 " x}+ O(ed), j= (41b)

If eqns (41) are now averaged and iy is subsequently eliminated, where i=1-3, the
constitutive relations for the interaction terms are obtained as

u’(Za)

- jla)
Pi=gq; ('—?“‘L—) + Bi(S53,i+ S5i3), i=1,2,n0sumon i; (42a0)

10,29 - 1 .
Py= 013(’—‘6’2'—") +B3Sn3t Sy, =12 (42b)

Here
a; = 1(v?* = vf'9),

Bi = (0149 — p*2Nq. no sum on i, (43)

¥ = (w’;(la) - w?""’)a.
Finally, substitution of (40) into (43) furnishes

a=12u,, i=12; ay=12E,,

(44)
Bi=knn B= En)s 3= GoEn)
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where

Al @yt ) a2

m = <#”)+;T) s Em= [(A+2#)‘"+(A P
o P G N
GO-(A+2’L)(I)+(A+2#Y2)_G§=:‘GO .

(45)

Additional constitutive relations

If the solutions of the MBVPs are used in (22b) to determine the first order stress profiles
olil), then the moment defined by (32a) can be obtained from (37)~(40); the result, with P;
related to the displacements through (42), is

F =123 (46a)

2
M = 2 Ma)-z_:_z_) i=
2
M;; =¢,§=:| M§} = .Z [ 8i(G\'*") S5k + Go'*P'P3)
1 y
+ B w8y + Ssi.i)] = % (G1Sakx + GoPs)

1 . .
AT Bem(Ssij+ S3a), b jk=1,2; (46b)
Mlii = Ms,'." i, i =123 (46¢)
The quantity Go®’ above is defined by (45¢) and |

G (ap) = 2“(a)A(cp)/(,\ + 2#)«:) #(np) = n(a)l‘(a); (46d)
2
= 2, G pum = 2 1 (46¢)

It now remains to obtain a relation between R, defined by (32b) and the dependent
variables. To accomplish this, the interface condition (26) with n=2 will now be used.
Accordingly, it is necessary to calculate o4}, The calculation is facilitated if it is observed that,
on using (22b) with n = 1, (28), (29) and (38)~(40), eqn (22a) can be written for n =1 in the form

a3y 4 = DIP(x;, 1)8'"U(xy). CY)]

The functions D{*’, which are independent of the microcoordinate, can be related to RYY,
defined by (32b), by taking the g'“-moment of (47); this procedure yields

D{*) = 12R(n'® (48)
whence (47) reduces to
o4 = 12RE8“X(x,) n'. 49)
The solution of (49), with the boundary condition (23) and the interface condition (26), is
o$3y = 12{Rq“Yx)/n” + RE)5,1/8) (50)
where the functions ¢’ are given by (40¢).

With the aid of (50) and the first order stress profile o{3);,, obtained from (37) and (38)~(40),
the stress microstructure is found to be

049 = avir+ ePg(x) + 126 B goiey + BE L 5.]+ 0@ 1)
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If (51) is now averaged for each a and if &, is eliminated from the resulting equations, the
following remarkably simple result is obtained:

(0§~ aii*)/e*= R+ RY = R;. (52)

Equation (52), with a%7® related to the displacements through (18a), is the constitutive relation
for Rg,’.

The foregoing analysis completes the formulation of the basic differential equations for the
mixture theory. The results are summarized in the next section.

SUMMARY OF MIXTURE EQUATIONS
The basic equations of the mixture theory are (¢ =1,2; i, j, k=1,2,3 unless noted other-
wise):
(a) Equations of motion:

ol - p Pl = (- 1)*P, o = ol (15)
My, ‘ESJ Ssi=—Ry, My;=My; (31

(b) Constitutive equations:

ol = [A“PulEs; + p P + uf)) + (~ 1) A9 S8,
+ (8383 + 8355} (18a)

My; = % (G S5k + GoPy) +E1'(2m (S5 + S30), Lj,k=1,2; (46b)

Myi=PJ12, i=1,23; (46a)

(4 = u'®)

Pi=qo +B(Sni+ Sz), =12,
no sum on {; (42a)
(u (2a) _ (Ia))
Py=ay —‘—‘2_'—‘*'/3:533.3"' Y8y i=1,2; (42b)
Ry = (o8 - ali*)/€. (52)
Here
2 2
Go= Y A“PYA+2u)®, G;=2 21 AP @) +2p ), (45c, 46d)
a=] a=
at=12#n’ ﬂi=”'n9 i= 1,2,
(n) (n) (44)
ay=12E,),, B3=Equ, v3=GoEwy;
2 n(a)lu(a) E | - 2 n(a)/(A +2“)(a) (45)
Alep) = plady (@) “(nﬁ) = n(a) (@) 2 “(ap) (18b, 46e)

If the stress-type variables are eliminated by use of the appropriate constitutive equations,
the above set can be reduced to nine differential equations with constant coefficients in the nine
unknowns &/°®, Sy, i=1,2,3, a =1,2. All coefficients in these equations are determined once
the elastic properties of the constituents and their volume fractions are known.

VARIATIONAL PRINCIPLE AND BOUNDARY CONDITIONS

An important question that has not yet been addressed is that of appropriate initial and
boundary data for the solution of the mixture equations. This question can evidently be
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completely resolved only by a boundary layer analysis wherein the edge-zone solutions are
matched with the mixture solutions. However, the need for a boundary layer analysis can be
alleviated to some extent by use of a variational approach to determine the appropriate
boundary data for the mixture differential equations. Such an analysis, which is similar to that
used for plate and shell theories in elasticity, is presented in this section.

For purposes of constructing a variational principle, it will be convenient to introduce the
following matrix notation:

&7 = ey, ex, €33, 2e3, 2€3, 2€15) ), (53)
where
e E% (ul5? + ul3®), (54)
7 = (K311, Kazzs K333, 2K323, 2K331, 2K312), (55)
where
Kyjj = % (S3i; + S35)3 (56)
A+2u)e” if i=j=1.2,3,
(ap) if i#j and Isij=<3
K(ll) = @) R (@) = A i ] s ’
LK) K uer if i=j=4,5,6, 7
0 otherwise;

G+ G Eny+ 2um if i=j=1,2,
12 En if i=j=3,
L=(Lih 3 Li={GoEm if i#] and iorj=3, (58)
oy I i=j=4,5,6,
G|+GozE(,,), i#]‘ and i,j=l,2,

Equations (57) and (58) define 6 X6 matrices of material constants while egns (53) and (55)
represent the macro- and microstrain components, respectively.
Energy density-type quantities are now defined according to (a =1 or 2)

2

U(ua) = %e(a)” ’Ke(a) + ‘2-:‘ (_ 1)”|S3,' [(P'(n)+ “(a))uﬁn)
+(GoEmy + p NS + (= 1) Syl (pamy + ANl P + €83 - (Ey+ (A +2u]el3),
2

2 (a) (a) (a
200 = 3 [ upo-upop |+ 3 (B (sh+ 5+ 23 8]+ aTie

im]

With the aid of the foregoing notation, the functional

H = ffo f [U(“)+ U(ﬂ)+ U(II)] dxl dX2 dX3 _#

8Dg

[i U T + Suﬁu] do (60)

is introduced, where dDs is the part of the boundary of D on which the traction vector-type
quantities T’ and My, are prescribed, and do denotes the elemental area on the boundary. The
precise relationship between T{ and M;; on the one hand and the stress components o and
M;; on the other, is obtained by the requirement that, with (53)~(59) as definitions, II be an
extremum with respect to 4°? and Ss;. This leads to the differential equations of the mixture
theory in D, and appropriate boundary conditions on 4D, all as the Euler equations of the
variational problem.



166 H. MURAKAMI ¢f al.

Following substitution of the various definitions in (60), performing the first variation of I1
with respect to #*® and S, and using Green’s theorem, one obtains

8N =- f f ] > [2 dul*()+ 5s,.()] dx, dx, dx;

i=1

ﬁo {z (@4, ~ T}*)6uf* + (M ~ M;,)&S,,} do (61)
S

a=]

where the coefficients of 84 and 8S,; in the volume integral are precisely the differential
equations of the mixture theory without the inertia terms. In the surface integral of (61), »;
denotes the components of the outward normal to the surface, and the modified stress
components are defined as

HinyS33 0 HoayS3y
[N = (@) + (- 1)**! 0 mnS1  HmSn (62)
GoEn)Sy1 GoEimS12  EinyS3
m' =Lx, (63)
where
m'T = (M3, Min, My, Min, Misi, M. (64)

It thus follows from (61) that the prescribed traction-type quantmes are of the form o*”’y; and
M3;v; Thus, based on the foregoing analysis, it is conciuded that on 4D one must prescribe the
quantities

u,-“'“’ or O'ﬁ"p) v,

Sy or My (65)

It is of interest to note that the modified partial stress tensor o§*’ is not symmetric. This
result is consistent with the theory of elasticity with couple stresses.

With regard to the question of appropriate initial data to be used with the mixture theory,
one could appeal to Hamilton’s principle. This, however, is not necessary since only the second
derivative with respect to time appears in the mixture equations, as in the theories for
homogeneous media. Consequently, it is appropriate to prescribe

4o, Sy, 4, §;, at t=0 in D (66)

RECOVERY OF MICROSTRUCTURE

Formulation of the mixture theory is now complete. The macroresponse of a laminated
medium is obtained by solving the differential equations of the mixture theory together with
appropriate initial boundary data consistent with (65) and (66). Although the solution furnishes
only averages of the field quantities, the fields u/**)(x, f), S5:(xi, f) can be used to recover the
microstructure by the following procedure. First, by averaging (41a) and {(41b) one obtains

Uy = U™ ~ [P + (S33 + Sy3) 0T,
i=1,2; nosumon i; (67a)
sy = Uy — €[ Pyv39 + 8y, w9 4 833303,  j=12. (67b)
Next, the quantity P; is obtained from (42). Finally, u;q, obtained from (67), is used to compute

the displacement microstructure, correct to O(e?), from (41).
To determine the stress microstructure, one first obtains from (31, 32),

R = (p12) Sy - M$; (68)
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where MY} is obtained from (46b). Further, the average of (51) yields
a) 1)
O30 = 04" ~ 12¢? [STE')! g +’R—8§L 5a2]- (69)

Finally, the stress microstructure, correct to O(e?), is calculated from (51).

EXACT VS MIXTURE PHASE VELOCITY SPECTRA
Propagation at olbique incidence in plane strain
In an attempt to test the efficacy of the mixture model, the phase velocity spectra of the
mixture theory have been compared with the exact results obtained by Sve{18] for time
harmonic waves propagating at an arbitrary angle of incidence in the plane normal to the
material interfaces. Such waves are obtained for the case of plane strain (4, =0, S;, =0) by
assuming motion of the form

ul(ca) Ul(a)
(ag) {a)
“.39 = ltlkjs, exp [ik(x, cos 0 + x5 sin 8) — iwt]. (70)
31
333 iks;

Substitution of (70) into the mixture eqns (15), (31) written in terms of displacements by use
of the constitutive relations, leads to the eigenvalue problem

QU = (ew)’U an

where Q is a 6 x 6 matrix, the elements of which are functions of the mixture constants and the
wave number, ek. The vector U in (71) is given by

UT =[U", UP, U, Uy, 5y, 53). (72)

Following calculation of the eigenvalues (ew) as a function of (ek) from (71), the phase velocity
is obtained from

C, = (ew)/(ek). 73

The dispersion curves obtained from the mixture theory are shown in Figs. 3(a)«(f) wherein
spectra from the well-known effective stiffness theory[1], which has a comparable number of

Exact
s Mixture
1. Theory
o 1 1 1 L
o) | 2 3 4 -] 6
< kn(l)
Fig. 3(a). Phase velocity spectra for §=0°. (~— exact solution; ~.~. mixture theory; ~~-- effective

stiffness theory.)
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Fig. 3(g). Phase velocity spectra for § = 90°.
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unknowns, are also shown for comparison of accuracy. The material properties used for the
computation are as follows:

“(Z)I“(l)=50, A(l)/“(l)=2_33, A(Z)/#(H=75’

(74)
p?lpM=3 n®=08.

Figures 3(a)«(g) exhibit two acoustic modes and an optical mode, the physical interpretation of
which can be found in [1]. In Figs. 3(a)~(g) phase velocities are nondimensionalized by the
shear wave velocity of material 1: C/"=pu®/p, As is evident from the comparisons, the
mixture theory is, in general, more accurate than the first order effective stiffness theory. In
order to demonstrate the capability of the mixture theory to model the banded and periodic
structure on the frequency-wave number plane for waves propagating perpendicular to the
layering, another view of Fig. 3(g) is furnished in Fig. 4 where §} = ewn®. This figure shows that
the mixture theory can model the pass bands and stop bands predicted by the elasticity solution
with reasonable accuracy.

Based on Figs. 3(a)-(g) it is concluded that the mixture theory is more accurate than the
first order effective stiffness theory. However, a higher order effective stiffness theory is
capable of predicting, with increased accuracy, this dispersion phenomena and a comparison of
the latter with the mixture theory is in order. In Figs. 5(a)~(c) phase velocity spectra have been
calculated by the mixture theory for the case used to exhibit the second-order effective stiffness
theory[21]:

p@uM=100, AVP2AV+pM) =035,
ADRAD 4+ @) =03, pPfph =3,
n®=08. 75

It can be concluded from Figs. S(a)~(c) that the mixture theory can predict the dispersion
phenomena as well as the second order effective stiffness theory which, it is noted, requires 12
equations of motion and 8 constraint conditions while the mixture theory only requires 6
equations of motion.

The dispersion curves, Figs. 3(a)-(g), 5(a)-(c) are representative of global or macroscopic
motion. As an example of the ability of the mixture theory to predict details of the stress and
displacement profiles, the stress profiles for sinusoidal waves propagating normal to the layers
(8 =90 in (70)), as predicted by the mixture theory, have been compared with the exact
solution given by Lee[22]. Prior to discussion of this comparison, however, it is noted that, if
the wavelength of the propagating wave is used for nondimensionalization, then the scaled

150 T T T T,
N /,/
~ —_—— -
10.0+ -
a Exact
- — s Mixture —
Theory

e Knﬂ)
Fig. 4. Frequency vs wave number for normal incidence.
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Fig. 5(b). Phase velocity spectra for 8 =45°,
Fig. 5(c). Phase velocity spectra for 8 = 90°.

wave number is 27 and therefore € = ek/2. It is also noted[22] that the stress distribution in
the whole space can be obtained from the distribution within half of the unit cell—a result
which is a consequence of the quasi-periodicity of the Floquet waves and the antisymmetry of
the stress profile within the unit cell.

The microstructure stress profile comparisons, which are shown in Fig. 6, have been made
for two values of € and two values of the ratio of constituent moduli E® = A+ 2, or '@
corresponding to longitudinal wave propagation or shear wave propagation. For € = 1/8, the
mixture stress profile is almost identical to the exact solution. For € =7/16, the mixture
predictions are still quite accurate, even though the ratio of microdimension to signal
wavelength is close to 1/2. It should be added here that the mixture theory predicts a
continuous stress profile. This feature is absent from the effective stiffness theories; cor-
responding results were therefore not presented in Fig. 6.
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The variation of stress profile in a given spatial domain as the wave passes through that
domain is illustrated in Figs. 7(a), (b) for two values of time. Since these results are based on
Fig. 6, they exhibit the same degree of accuracy. The exact elasticity solution has been obtained
in [22]. The stress profile of the mixture theory is computed by obtaining the eigenvector in (71)
for u,® and S3; and using the results of (68), (69) and (51) to recover the stress microstructure.

CONCLUDING REMARKS

The asymptotic method of multipie scales has been used to construct a continuum theory
for the elastodynamic behavior of periodically laminated media consisting of two constituents.
The resulting theory was cast in the form of a binary mixture theory. Comparisons of exact vs
mixture phase velocity spectra imply that good accuracy may be obtained via the mixture
theory for problems where the energy is partitioned primarily into the first two acoustic modes
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0.4 t:=0
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0 -3 -2 -1 e O 1
-0 2
e .
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«=1/8
-0-6 Cp20-9919
(Cpdmix 209920
-o a L

Fig. 7(a). Stress profile for normal incidence.
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and where the material microdimension does not exceed one-half the dominant signal
wavelength. For such cases, the theory appears to be an attractive alternative to direct
numerical solution of initial boundary value problems for laminated composites.

It is appropriate to conclude this paper with an elaboration of similarities and the differences
between the approach described herein and the method of homogenization for periodic
composites which has attracted much attention in the recent literature(16, 17, 23-25]). Two
essential aspects of both the methods are the introduction of the microcoordinate and the
assumption of periodicity with respect to this coordinate. A consequence of these features of
the techniques is that no explicit smoothing operation is required, in contrast to the previous
treatments of the laminate problem{1, 2]. However, the main emphasis in this paper has been on
the development of a dispersive theory for dynamic problems, whereas in.most other
studies[16, 17, 23, 24] the major objective appears to be the asymptotic justification of classifical
effective modulus models. Although it is not necessary to resort to a mixture theoretic
formalism for construction of higher order models, and a direct asymptotic approach can easily
be utilized in the manner of [25], such theories typically contain the spatial and temporal
derivatives of the field quantities which are of higher order than second order derivatives that
occur in the mixture theory. Consequently, questions about the specification of appropriate
initial and boundary data in the theories based on the direct approach are more difficult to
resolve than they are in the mixture formulation. An additional advantage of the approach
described in this paper is, of course, the fact that the derived field equations can be interpreted
from a physical point of view in a rather convenient fashion.
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